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I, Dr. IVloon Duchin, having been duly sworn by an officer authorized to administer oaths, 
depose and state as follows: 

:1. I am over :18 years of age, legally competent to give this Affidavit, and have personal 
knowledge of the facts set forth in this Affidavit. 

2. All of the quantitative work described in this Affidavit was performed by myself with the 
support of research assistants working under my direct supervision. 

Background and qualifications 

I hold a Ph.D. and an IvI.S in IVlathematics from the University of Chicago as well as an A.B. 
in IVlathematics and Women’s Studies from Harvard University. 

I am a Professor of IVlathematics and a Senior Fellow in the Jonathan IVl. Tisch College of 
Civic Life at Tufts University. 

IVly general research areas are geometry, topology, dynamics, and applications of mathe- 
matics and computing to the study of elections and voting. IVly redistricting-related work 
has been published in venues such as the Election Law Journal, Political Analysis, Founda- 
tions of Data Science, the Notices of the American IVlathematical Society, Statistics and 
Public Policy, the Virginia Policy Review, the Harvard Data Science Review, Foundations 
of Responsible Computing, and the Yale Law Journal Forum. 

IVly research has had continuous grant support from the National Science Foundation 
since 2009, including a CAREER grant from 20:13-20:18. I am currently on the editorial 
board of the journals Advances in IVlathematics and the Harvard Data Science Review. I 
was elected a Fellow of the American IVlathematical Society in 20:17 and was named a 
Radcliffe Fellow and a Guggenheim Fellow in 20:18. 

A current copy of my full CV is attached to this report. 

I am compensated at the rate of $400 per hour. 
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1 Background and Introduction 

I have previously submitted expert reports in NCLCV vs. Hall. I have been asked by counsel to 
respond to the report of Dr. Michael Barber, examining his study design and his conclusions. 

1.1 Summary of Barber report 

In Dr. Barber’s report, he uses a new statistical sampling method called Sequential Monte 
Carlo (SMC) to produce a large collection (called an ensemble) of alternative districting plans 
for both bodies of the North Carolina state legislature--state Senate and state House. SMC is 
a method based on ideas developed in my research group,1 but which has not been supported 
by any peer-reviewed publications. 

Dr. Barber proceeds to build ensembles of districting plans for the purposes of compari- 
son, but primarily does so individually on small pieces of the state: groups of counties (often 
called "county clusters") that correspond to groupings in the Senate and House plans recently 
enacted n North Carolina(SL-173andSL-175). 

¯ For egislative redistricting, the Barber report discusses the clusters only on an individual 
basis, neglecting to assemble them into the big picture for the whole state. 

¯ Dr. Barber omits an ensemble comparison for the enacted Congressional plan, SL-174. 

1.2 Summary of findings 

When assembling the statistics from Dr. Barber’s own ensembles--completely granting 
him all methodological choices for algorithm selection and specifications--the enacted 
House plan is shown to be a major partisan outlier, while the NCLCV alternative plans are 
not (Figure 6). 

In exactly the same way, the enacted Senate plan is likewise shown to be a major partisan 
outlier, while the NCLCV alternative plans are not (Figure 5). 

Finally, I was able to run Barber’s code to create a Congressional ensemble in the same 
fashion as his legislative ensembles. Here, too, the enacted plan is a significant outlier 
in a direction of partisan advantage that is not justified by any good-government goal 
(Figure 3). 

1The McCartan-lmai article introducing SMC [5] acknowledges Deford-Duchin-Solomon [3] for "pioneer[ing] the 
spanning tree-based proposal used in the merge-split algorithm." 



2 Ensembles and outliers 

Today, the dominant method in computational redistricting analysis is to employ IVlarkov chains 
to generate ensembles of thousands or millions of alternative valid redistricting plans against 
which to compare a given proposed plan. When a quantity of interest is measured over the 
ensemble, it frequently forms a "bell curve" of values, and we can then examine whether the 
proposed plan falls in the thick of the observed values or whether it is an extreme outlier, 
falling in one of the tails. If this exercise is carried out with respect to each party’s represen- 
tation, a telltale sign of a partisan gerrymander is when the seat share for a proposed plan 
falls (a) far from the corresponding vote share, and (b) far to the side of advantage for the 
party that controlled the line-drawing process. This is particularly problematic in a politically 
competitive "purple" state like North Carolina. 

It is important to note that outlier status is a flag of intentionality, but not necessarily a 
smoking gun of wrongdoing. Being in a tails of a distribution that was created around certain 
design principles can often provide persuasive evidence that other principles or agendas were 
in play. For example, a map might be an outlier as the most compact, or the map that gives 
minority groups the greatest chance to elect their candidates of choice--these kinds of outlier 
status would not be marks of a bad plan. But being an outlier can indeed be a sign of problems, 
as when a plan systematically converts close voting to lopsided seat shares for the party that 
controls the process. 

2.1 Barber methods 

The creation and use of districting ensembles in the Barber report can be summarized as 
follows. 

Step :~ Fixa set of clusters. Barber focuses on the county clustering found in the enacted 
plan, not exhaustively considering the dozens of other possibilities. 

Step 2 Partition each cluster. Split each multi-district cluster into the corresponding number 
of districts using Sequential Monte Carlo sampling. Create 50,000 partitions (i.e., districting 
plans) for each cluster. 

Step 3 Winnow. Selectively discard some of the partitions. Barber uses two statistics from 
the enacted plan (average Polsby-Popper score and county traversals) as the cutoff for inclu- 
sion. 

Step4 Create an elecdon index. Barber blends the 11 up-ballot elections since 2014 intoa 
single vote index rather than considering them one at a time. In particular, he sums the votes 
over all elections before taking shares, which does not control for turnout differences across 
elections. 

Step 5 Plot histograms and declare oudiers. Barber forms histograms counting "Democratic- 
leaning districts" for individual clusters, and does not present an overall compilation. His 
non-standard definition of "outlier" includes a full 50% of the ensemble. 

In my opinion, better and more reliable results would have been obtained if several of the 
choices required in this study design were executed differently. 



One glaring omission from Barber’s methods is any consideration of the State’s obligations 
under the Voting Rights Act of :~965, which could impact the partisan bottom line.2 A non- 
exhaustive list of other potential flaws in Dr. Barber’s methods includes the following. 

Failure to consider all alternative clusterings. 
North Carolina law dictates that districts be drawn within groupings or clusters of counties 
from which several districts will be formed. Sometimes, however, the General Assembly 
has a choice and can pick multiple groupings consistent with North Carolina law. Dr. 
Barber only gives cursory attention to alternative clusterings. 

Use of sampling methodology not vetted by peer review. 
Even when an idea is promising, peer review is an essential component of vetting. A 
method may appear promising in concept, but not work in practice. A method may work 
at small tasks--like the 34-map dataset used for testing in [5]--but not scale well to the 
enormous sizes needed for realistic problems. Peer review helps surface those issues, 
which is why the scientific community regards peer review as a mark of reliability. 

Use of bright-line thresholds for compactness and traversals. 
Dr. Barber’s code already samples with a preference for compactness, and is fully capable 
of handling traversals in a similar manner.3 Imposing sharp cutoffs for these at the level 
of the enacted plan creates highly misleading results.4 

Use of election data in a blended rather than serial fashion. 
If Barber records a Democratic share of 49% in his outputs, that is likely to reflect a Demo- 
cratic win in some of the 11 elections and a Republican win in others--this is obscured 
when the results are blended to a single number. By the same token, a Democratic share 
of 45% in the blended election index might downplay a map that favors Republicans 11 
out of 11 times, which entrenches an advantage.5 

Employing a highly unconventional use of the "outlier" label. 
As Dr. Barber himself puts it, "1 consider a plan to be a partisan outlier if the number of 
Democratic districts generated by the plan falls outside the middle 50% of simulation re- 
sults [sic]. This is a conservative definition of an outlier. In the social sciences, medicine, 
and other disciplines it is traditional to consider something an outlier if it falls outside the 
middle 95% or 90% of the comparison distribution." As I will show below in my whole- 
state comparisons, the enacted plans are outliers at any of these levels of significance 
while the NCLCV alternative plans are not. 

I will discuss thethresholding question further in §2.3. For the remainder of the report, 
will set aside the other concerns and will simply assess Dr. Barber’s outputs within his own 
methodological framework. 

2Robust VRA consideration is fully compatible with computational redistricting, as is shown in [1]. 
3A preference for compactness is coded in the smc red±st parameterizationin house cLusters.R, lines 354-356 

and senate cLusters.R, lines 349-351. 
4The imposition of cutoffs, which Dr. Barber calls "culling," occurs in two stages. Stage 1 (country traversals) is 

found in house c].usters .R, lines 531-536 and senate c].usters .R, lines 539-544. Stage 2 (average Polsby-Popper) 
is found in house cLusters.R, line 543-564 and senate cLusters.R, lines 552-573. An ad hoc adjustment in the 
Duplin and Wayne House County Grouping is found in lines 566-568 of the House code. 

5The 49% Democratic lean occurs, for instance, in the NCLCV alternative maps in the Onslow/Pender House cluster. 
Vote averaging is found in the Barber replication materials in house c].usters.Rlines18-28 and senate c].usters.R 
lines 18-29. 



2.2 Analysis methods 

Reading Dr. Barber’s report, it is striking that he only reported that the enacted plan often 
performed within the middle 50% of each small comparison while never evaluating how the 
individual choices aggregate at the level of the map as a whole. After all, if moderate partisan 
advantage is secured over and over again, it may well accrue to extreme advantage overall. In 
the context of a state legislature, the overall results are crucial: they determine who controls 
the chamber. Pursuing this in the Barber materials, I found that this is exactly what happens. 

First, I was able to extract Dr. Barber’s raw statistical outputs for legislative runs from 
his materials obtained by counsel.6 With those, I was able to assemble his ensembles for 
individual clusters into a compiled ensemble for the entire state. The histogram of Senate 
outcomes can be found in Figure 6 and the histogram of House outcomes can be found in 
Figure 5. Second, I was able to run Dr. Barber’s code to create an ensemble of alternative 
Congressional plans with exactly the algorithm and with similar specifications to those he 
used for his legislative demonstrations.7 A corresponding plot of Congressional outcomes 
can be found in Figure 3. For all phases of analysis, Dr. Barber pulled electoral data from 
a free webapp called Dave’s Redistricting App (davesred±str±ct±ng.org). In replicating his 
analysis, I used the same data source in the same manner. 

2.3 Filtered and unfiltered results 

As I described above, Dr. Barber took his raw districting plan samples (50,000 maps created 
for each of 12 Senate cluster ensembles and 26 House cluster ensembles) and aggressively 
filtered them, applying a cutoff that sometimes left under ten maps out of the original set of 
50,000. In fact, when Dr. Barber’s filtering rule was applied in the Duplin and Wayne House 
County Grouping (§6.6 on p.58 of Barber Report), zero maps were left, because none of the 
randomly constructed maps had an average compactness score to match the enacted plan in 
that cluster. Since this is blatantly unworkable for comparison purposes, Dr. Barber made the 
ad hoc decision to loosen the rule to retain 2704 maps. Other cluster ensembles were filtered 
down to leave only 4, 6, or 2 out of 50,000 alternatives and did not receive an adjustment. 
The "outlier" label was then applied to these tiny sets. 

To illustrate why this is methodologically unreasonable, consider JaVale McGee, a basket- 
ball center who recently signed with the Phoenix Suns of the NBA on a one-year, $5 million 
contract. If McGee wanted to argue that he is not unusually wealthy, he could choose to re- 
strict the universe of comparison to Americans at least as tall as he is. Since he is 7 feet tall, 
this would greatly restrict the comparison pool to a relatively tiny group that also includes IVlo 
Bamba (Orlando Magic), Joel Embiid (Philadelphia 76ers), and Brook Lopez (Milwaukee Bucks), 
all of whom make more money than he does. Not satisfied with this comparison, he could keep 
increasing the requirements by insisting on comparing to people who don’t speak any more 
languages than he does, are no older than he is, and have lived in at least as many different 
cities. Eventually he will narrow the pool enough that he doesn’t look like an outlier anymore. 

Dr. Barber’s filtering skews his sample in a similar way, because he effectively insists that 
maps have a statistic matching or exceeding the enacted map in every cluster--and then 
uses that pool to compare the enacted map. Overall, this reduces the number of plans under 
consideration by a factor of over 500 trillion. And it excludes options that may be better than 
the enacted plan overall but are less compact or have more traversals in a particular cluster. 

Generally, if you are trying to argue that you look typical of a range of alternatives, it is ob- 
viously unreasonable to first require the alternatives to look like you in dozens of independent 
ways (i.e., in each cluster individually). 

6His materials include the numerical outputs from his runs, but as far as I can determine he does not seem to have 
saved the district assignments for the individual plans in the ensemble. 

7To be precise, the ensemble was generated at the state level for Congress, since the concept of county clusters is 
not applicable, and without the compactness and traversal thresholds. I ran the code exactly as Dr. Barber did, except 
tightening the allowed population deviation to 1% from ideal instead of 5% as in legislative maps. All other choices 
are identical. My congressional ensemble includes 20,000 maps rather than 50,000 just because of time limitations. 



3 Findings 

In this section, I will present the full histograms (or "bell curves") of all the results from Dr. 
Barber’s methodology, compiled to the state level and shown without filtering. (Filtered en- 
sembles can be seen in Appendix A, for comparison purposes.) 

By Dr. Barber’s own constructs, all three levels of districting show that the enacted plans 
are partisan outliers and the NCLCV alternative plans are not. 

In the House, the enacted map is in the most extreme 0.00133 fraction of the Barber 
ensemble--well under 1 percent of sampled House plans are as extreme as SL-175. By con- 
trast, the NCLCV alternative plan is in the upper .2516 share of the ensemble, not an outlier 
even by the Barber standard. 

SL-175 

46 47 48 49 50 51 52 53 54 55 

NCLCV-House 

Statewide voting 

56    57    58    59    60    61    62    63 

Figure i: "Democratic-leaning seats" in Dr. Barber’s House district ensemble. 

At the Senate level, the enacted map is in the most extreme .007 fraction of the Barber 
ensemble--again, less than 1 percent of sampled plans are as extreme as SL-173. By contrast, 
the NCLCV alternative map is in the upper .2787 share of ensemble, not an outlier even by the 
Barber standard. 

5L-173 

NCLCV-Sen 

18 19 20 21 22 23 27 

Statewide voting 

24 25 26 

Figure 2: "Democratic-leaning seats" in Dr. Barber’s Senate district ensemble. 



The Congressional picture, omitted from the Barber report, is likewise crystal clear. The 
enacted plan is in the most extreme 0.0056 fraction of this Barber-style ensemble, while the 
NCLCV alternative map is very near the ensemble center--0.5620 share of the ensemble (more 
than half of randomly constructed maps) has an equal or greater Democratic lean. 

SL-174 

Statewide voting 
NCLCV-Cong 

4 

Figure 3: "Democratic-leaning seats" in a Congressional ensemble created with Dr. Barber’s 
code, following his specifications. 

4 Conclusion 

Granting Dr. Barber all of his methodological choices, the enacted maps are extreme partisan 
outliers at all three levels, while the NCLCV alternative maps are not. 
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